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1. INTRODUCTION
In [1], Dragomir and Cho have obtained a reﬁnement of the weighted
version of the well-known Acze´l inequality (for a reference on Acze´l’s
inequality see [2, p. 57] or [3, p. 117]). The main result from [1] is given in
the following theorem.
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Theorem 1.1. Assume that ai bi a b ∈ R and pi ≥ 0, i = 1 2     n,
satisfy
n∑
i=1
pia
2
i ≤ a2 and
n∑
i=1
pib
2
i ≤ b2
and that 0 ≤ qi ≤ pi for all i = 1 2     n. Then we have
0 ≤
n∑
i=1
qiaibi −
∣∣∣∣∣
n∑
i=1
qiaibi
∣∣∣∣∣ ≤
(
n∑
i=1
qia
2
i
n∑
i=1
qib
2
i
)1/2
−
∣∣∣∣∣
n∑
i=1
qiaibi
∣∣∣∣∣
≤
∣∣∣∣∣ab−
n∑
i=1
piaibi
∣∣∣∣∣−
(
a2 −
n∑
i=1
pia
2
i
)1/2(
b2 −
n∑
i=1
pib
2
i
)1/2

Analogous reﬁnements for the well-known Popoviciu and Bellman
inequalities (see [3, p. 118–119]) have been obtained by Matic´ and Pecˇaric´
in [4]. We state here the main results from [4] related to Popoviciu’s and
Bellman’s inequalities as follows.
Theorem 1.2. Let a b ai bi pi i = 1 2     n be nonnegative real
numbers such that
n∑
i=1
pia
r
i ≤ ar and
n∑
i=1
pib
s
i ≤ bs
where r s > 1 with 1/r + 1/s = 1. If 0 ≤ qi ≤ pi for i = 1 2     n, then
0 ≤
(
n∑
i=1
qia
r
i
)1/r(
n∑
i=1
qib
s
i
)1/s
−
n∑
i=1
qiaibi
≤ ab−
n∑
i=1
piaibi −
(
ar −
n∑
i=1
pia
r
i
)1/r(
bs −
n∑
i=1
pib
s
i
)1/s

Theorem 1.3. Let a b ai bi pi i = 1 2     n be nonnegative real
numbers such that
n∑
i=1
pia
r
i ≤ ar and
n∑
i=1
pib
r
i ≤ br
where r > 1. If 0 ≤ qi ≤ pi for i = 1 2     n, then
0 ≤
[( n∑
i=1
qia
r
i
)1/r
+
( n∑
i=1
qib
r
i
)1/r]r
−
n∑
i=1
qiai + bir
≤ a+ br −
n∑
i=1
piai + bir
−
[(
ar −
n∑
i=1
pia
r
i
)1/r
+
(
br −
n∑
i=1
pib
r
i
)1/r]r

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In this paper we prove some further results related to Acze´l’s,
Popoviciu’s, and Bellman’s inequalities. These results extend and generalize
Theorems 1.1–1.3.
The main result that we prove in Section 2 is a reﬁnement of the
reverse Jensen inequality for linear isotonic functionals. As a corollary of
the main result we give analogous results related to Acze´l’s, Popoviciu’s,
and Bellman’s inequalities, that is, to their versions for linear isotonic
functionals. However, these corollaries can be interpreted as generalizations
of the results from Theorems 1.1–1.3. On the other side, the reverse Jensen
inequality for linear isotonic functionals is a generalization of the reverse
Jensen inequality for convex functions of one variable. We prove that an
analogue of our main result is also valid for the reverse Jensen inequality
for convex functions deﬁned on a subset of any real linear space.
In Section 3 we extend our main result to the class of functions with
nondecreasing increments and as an example give a reﬁnement of the
well-known Chebysˇhev inequality. Finally, in Section 4 we give an analogous
reﬁnement of the known Acze´l-type result related to the well-known Gram
inequality.
2. REVERSE OF JENSEN’S INEQUALITY FOR
LINEAR ISOTONIC FUNCTIONALS
We start with a deﬁnition of linear isotonic functionals as given in
[5, p. 91].
Let E be a nonempty set and L a class of real-valued functions f 
 E → 
satisfying the following two conditions:
L1 If f g ∈ L, then αf + βg ∈ L for all αβ ∈ .
L2 1 ∈ L; that is, if f t = 1 for all t ∈ E, then f ∈ L.
We consider linear isotonic functionals deﬁned on a class L, that is, a
mapping A
 L→  satisfying the following conditions:
A1 Aαf + βg = αAf  + βAg for all f g ∈ L and αβ ∈ .
A2 If f ∈ L and f t ≥ 0 for all t ∈ E, then Af  ≥ 0.
Now we restate a reverse of Jensen’s inequality for linear isotonic
functionals as given in [5, p. 124].
Theorem 2.1. Let EL, and A be as above and ϕ
 I →  be a
continuous convex function deﬁned on an interval I ⊆ . Assume that p ∈ L
with pt ≥ 0 for all t ∈ E and 0 < Ap < u for some u ∈ . Further,
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assume that g 
 E → I is such that pg ∈ L and pϕg ∈ L. If α ∈ I and
uα−Apg/u−Ap ∈ I, then we have
uϕα −A(pϕg)
u−Ap ≤ ϕ
(
uα−Apg
u−Ap
)
 (2.1)
In the following theorem we prove the main result in this section, a
reﬁnement of the inequality (2.1).
Theorem 2.2. Suppose the assumptions of Theorem 2.1 are satisﬁed.
Additionally, let q ∈ L be such that qg ∈ L and qϕg ∈ L. Also, assume
that 0 ≤ qt ≤ pt for all t ∈ E and 0 < Aq < Ap. If α ∈ I and
uα−Apg/u−Ap ∈ I, then we have
0 ≤ Aqϕg −Aqϕ
(
Aqg
Aq
)
≤ u−Apϕ
(
uα−Apg
u−Ap
)
− uϕα − Apϕg (2.2)
Proof. The ﬁrst inequality in (2.2) is a consequence of Jensen’s
inequality for linear isotonic functionals (see [5, pp. 112–113]). Further, we
have
Ap− q = Ap −Aq > 0 and
u−Ap− q = u−Ap +Aq > 0
Also, Aqg/Aq ∈ I, since gt ∈ I for all t ∈ E and A is a linear isotonic
functional, so that
uα−Ap− qg
u−Ap− q =
u−Apuα−Apg
u−Ap +AqAqgAq
u−Ap +Aq ∈ I
Therefore, we can apply (2.1) with p replaced by p− q to obtain
uϕα −Apϕg +Aqϕg
u−Ap +Aq ≤ ϕ
(
uα−Apg +Aqg
u−Ap +Aq
)
≤ u−Ap
u−Ap +Aqϕ
(
uα−Apg
u−Ap
)
+ Aq
u−Ap +Aqϕ
(
Aqg
Aq
)
 (2.3)
The second inequality in (2.3) follows by the Jensen inequality. Now it is
easy to get the second inequality of (2.2) from (2.3).
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Note that we can take E = 1     n and deﬁne L to be the real linear
space of all real-valued functions deﬁned on E; that is, L = n. In this case
the functional deﬁned by
Aa1     an =
n∑
i=1
ai for all a1     an ∈ n (2.4)
is obviously linear isotonic functional. So if we apply Theorem 2.2 we get
the following result.
Corollary 2.1. Let ϕ
 I →  be a continuous convex function deﬁned
on an interval I ⊆ . Assume that u qi pi ∈  are such that 0 ≤ qi ≤
pi i = 1     n, and
0 < Qn < Pn < u where Qn =
n∑
i=1
qi and Pn =
n∑
i=1
pi
If α a1     an ∈ I are such that uα −
∑n
i=1 piai/u − Pn ∈ I, then we
have
0 ≤
n∑
i=1
qiϕai −Qnϕ
(∑n
i=1 qiai
Qn
)
≤ u− Pnϕ
(
uα−∑ni=1 piai
u− Pn
)
−
[
uϕα −
n∑
i=1
piϕai
]
 (2.5)
Example 2.1 (AG Inequality). (i) Let u αpi ai i = 1 2     n be
positive real numbers such that u > Pn and uα >
∑n
i=1 piai, where Pn =∑n
i=1 pi. If 0 < qi ≤ pi for all i = 1 2     n and Qn =
∑n
i=1 qi, then
uα−∑ni=1 piai/u− Pnu−Pn
αu
∏n
i=i a
−pi
i
≤
∏n
i=1 a
qi
i(
1
Qn
∑n
i=1 qiai
)Qn ≤ 1 (2.6)
Proof. Apply Corollary 2.1 to the convex function ϕx = − ln x
deﬁned on I = 0∞. It is easy to see that (2.5) is then equivalent to
(2.6).
(ii) Let uβpi bi i = 1 2     n be positive real numbers such
that u > Pn =
∑n
i=1 pi. If 0 < qi ≤ pi for all i = 1 2     n and Qn =∑n
i=1 qi, then
0 ≤
n∑
i=1
qibi −Qn
( n∏
i=1
b
qi
i
)1/Qn
≤ u− Pn
(
βu
n∏
i=1
b
−pi
i
)1/u−Pn
−
(
uβ−
n∑
i=1
pibi
)
 (2.7)
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Proof. Set α = lnβ and ai = ln bi i = 1 2     n, and apply
Corollary 2.1 to the convex function ϕx = ex deﬁned on I = . It is easy
to see that (2.5) is then equivalent to (2.7).
The second inequality in (2.6) and the ﬁrst inequality in (2.7) are
equivalent to the well-known inequality between geometric and arithmetic
means.
From Theorem 2.2 we get the following interpretations of the reﬁned
Acze´l inequality.
Theorem 2.3. Let EL, andA be as above. Assume that p q
 E →  are
such that 0 ≤ qt ≤ pt for all t ∈ E. Also assume that a b are real numbers
and that f g 
 E →  are such that pf 2 qf 2 pg2 qg2 pfg qfg ∈ L.
(i) If f t = 0 for all t ∈ E and
0 < Aqf 2 < Apf 2 < a2
then
0 ≤ Aqg2 − Aqfg
2
Aqf 2 ≤
[
ab−Apfg]2
a2 −Apf 2 −
[
b2 −Apg2] (2.8)
(ii) If f t > 0, gt ≥ 0 for all t ∈ E, a > 0, b ≥ 0, and
0 < Aqf 2 < Apf 2 < a2 Apg2 ≤ b2
then
0 ≤ Aqf 21/2Aqg21/2 −Aqfg
≤ ab−Apfg − [a2 −Apf 2]1/2[b2 −Apg2]1/2 (2.9)
Proof. (i) Note that a = 0 so that u = a2 and α = b/a are well deﬁned
real numbers. Also, p˜ = pf 2, q˜ = qf 2, and g˜ = g/f are well-deﬁned
real-valued functions on E. Moreover, it is easy to see that we can replace
p, q, and g with p˜, q˜, and g˜, respectively, and then apply Theorem 2.2 to
the convex function ϕx = x2 deﬁned on I = . In this case (2.2) reduces
to (2.8).
(ii) Set u = a2, α = b2/a2, p˜ = pf 2, q˜ = qf 2, and g˜ = g2/f 2 and
note that α ≥ 0 and
uα−Ap˜g˜
u−Ap˜ =
b2 −Apg2
a2 −Apf 2 ≥ 0
As before, it is easy to see that we can replace p, q, and g with p˜, q˜,
and g˜, respectively, and then apply Theorem 2.2 to the convex function
ϕx = −x1/2 deﬁned on I = 0∞. In this case (2.2) reduces to (2.9).
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For Popoviciu’s inequality, we have the following analogues.
Theorem 2.4. Let E, L, and A be as above. Assume that p q
 E → 
are such that 0 ≤ qt ≤ pt for all t ∈ E. Also assume that a > 0 and
b ≥ 0 are given real numbers. Let f g 
 E →  be given functions such that
f t > 0 gt ≥ 0 for all t ∈ E and pf r qf r pgs qgs pfg qfg ∈ L, for
some r s > 1 with 1/r + 1/s = 1.
If
0 < Aqf r < Apf r < ar and Apgs ≤ bs (2.10)
then we have
0 ≤ Aqgs −Aqf r1−sAqfgs
≤ [ar −Apf r]1−s[ab−Apfg]s − [bs −Apgs] (2.11)
and
0 ≤ Aqf r1/rAqgs1/s −Aqfg
≤ ab−Apfg − [ar −Apf r]1/r[bs −Apgs]1/s (2.12)
Proof. Note that from (2.10), by the Ho¨lder inequality for linear isotonic
functionals [5, p. 113] we get
Apfg ≤ Apf r1/rApgs1/s ≤ ab
that is,
ab−Apfg ≥ 0
Now set u = ar , α = a−r/sb and replace p, q, and g with p˜ = pf r , q˜ = qf r ,
and g˜ = f−r/sg, respectively, and apply Theorem 2.2 to the convex function
ϕx = xs deﬁned on I = 0∞. Then (2.2) reduces to (2.11).
To obtain (2.12), set u = ar , α = a−rbs and replace p, q, and g with
p˜ = pf r , q˜ = qf r , and g˜ = f−rgs, respectively, and then apply Theorem
2.2 to the convex function ϕx = −x1/s deﬁned on I = 0∞. In this case
(2.2) reduces to (2.12).
Of course, similar results can be obtained for Bellman’s inequality for
functionals, which is given in [5, pp. 125–126].
Theorem 2.5. Let EL, and A be as above. Assume p q 
 E →  are
such that o ≤ qt ≤ pt for all t ∈ E. Let f g 
 E →  be given functions
with f t gt ≥ 0 for all t ∈ E and such that pf r qf r pgr qgr pf +
gr qf + gr ∈ L for some r > 1. If
0 < Aqf r < Apf r < ar and
0 < Aqgr < Apgr < br (2.13)
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for some a b > 0, then we have
0 ≤ Aqf r1/r +Aqgr1/rr −Aqf + gr ≤ a+ br −Apf + gr
− Sar −Apf r1/r + br −Apgr1/rr  (2.14)
Proof. The ﬁrst inequality in (2.14) is a consequence of the Minkowski
inequality for linear isotonic functionals [5, p. 114]. Next, the Bellman
inequality for linear isotonic functionals [5, pp. 125–126] can be restated
in the weighted form as follows.
If p f g 
 E →  are such that pt f t gt ≥ 0 for all t ∈ E and
pf r pgr pf + gr ∈ L for some r > 1, then
ar −Apf r1/r + br −Apgr1/r
≤ a+ br −Apf + gr1/r (2.15)
provided ar −Apf r > 0 and br −Apgr > 0.
Now, from (2.13) we get
ar −Ap− qf r = ar −Apf r +Aqf r > ar −Apf r > 0
and
br −Ap− qgr = br −Apgr +Aqgr > br −Apgr > 0
So we can apply (2.15) with p replaced by p− q to obtain the inequality
ar −Apf r +Aqf r1/r + br −Apgr +Aqgr1/r
≤ a+ br −Apf + gr +Aqf + gr1/r  (2.16)
Further, by the Minkowski inequality we have
ar −Apf r +Aqf r1/r + br −Apgr +Aqgr1/r
≥ ar −Apf r)1/r + br −Apgr1/rr
+Aqf r1/r +Aqgr1/rr1/r  (2.17)
From (2.16) and (2.17) we get
a+ br −Apf + gr +Aqf + gr
≥ ar −Apf r1/r + br −Apgr1/rr
+Aqf r1/r +Aqgr1/rr
which is equivalent to the second inequality in (2.14).
Remark 2.1. It should be noted that the inequalities proved in the
preceding three theorems are generalizations of the results stated in
Theorems 1.1–1.3 from the Introduction. Namely, as we have already
noted we can take E = 1     n, L = n, and deﬁne functional A by
(2.4). After that, applying Theorems 2.3–2.5 to the sequences p = pi,
q = qi, f = ai, and g = b1 from n satisfying the appropriate
assumptions, we easily obtain the results stated in Theorems 1.1–1.3.
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REVERSE OF JENSEN’S INEQUALITY FOR
CONVEX FUNCTIONS
From inequalities (2.5) we get the inequality
uϕα −∑ni=1 piϕai
u− Pn
≤ ϕ
(
uα−∑ni=1 piai
u− Pn
)
 (2.18)
which is the reverse Jensen inequality for a convex function ϕ of one real
variable. The result that we proved in Corollary 2.1 is a reﬁnement of this
inequality. On the other side, the inequality (2.18) can be generalized to the
case of a convex function deﬁned on a convex subset of any real linear space
[5, Theorem 3.1, p. 83]. Here we restate that result in the following form.
Theorem 2.6. Let p0 p1     pn be nonnegative real numbers such that
p0 − Pn > 0, where Pn =
∑n
i=1 pi. Let U be a convex set in a real linear space
M , xi ∈ U (i = 0 1 2     n), and
p0x0 −
∑n
i=1 pixi
p0 − Pn
∈ U
If f 
 U → R is a convex function, then
p0f x0 −
∑n
i=1 pif xi
p0 − Pn
≤ f
(
p0x0 −
∑n
i=1 pixi
p0 − Pn
)
 (2.19)
However, the result from Corollary 2.1 can be extended to this case.
Here we prove a reﬁnement of the inequality (2.19) which generalizes the
inequalities (2.5).
Theorem 2.7. Let the assumptions of Theorem 2.6 be satisﬁed. If 0 ≤
qi ≤ pi for i = 1 2     n and Qn =
∑n
i=1 qi > 0, then we have
0 ≤
n∑
i=1
qif xi −Qnf
(
1
Qn
n∑
i=1
qixi
)
≤ p0 − Pnf
(
p0x0 −
∑n
i=1 pixi
p0 − Pn
)
−
[
p0f x0 −
n∑
i=1
pif xi
]
 (2.20)
Proof. First, let us note that the ﬁrst inequality in (2.20) is equivalent
to the Jensen inequality for a convex function f , and so it is true. Further,
note that
p0 −
n∑
i=1
pi − qi = p0 − Pn +Qn > p0 − Pn > 0
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Since 1/Qn
∑n
i=1 qixi ∈ U and p0x0 −
∑n
i=1 pixi/p0 − Pn ∈ U , we also
have
p0x0 −
∑n
i=1 pixi +
∑n
i=1 qixi
p0 − Pn +Qn
=
p0 − Pnp0x0−
∑n
i=1 pixi
p0−Pn +Qn
1
Qn
∑n
i=1 qixi
p0 − Pn +Qn
∈ U
Therefore, Eq. (2.19) with weights pi − qi instead of pi is also valid; that
is,
p0f x0 −
∑n
i=1 pif xi +
∑n
i=1 qif xi
p0 − Pn +Qn
≤ f
(
p0x0 −
∑n
i=1 pixi +
∑n
i=1 qixi
p0 − Pn +Qn
)
 (2.21)
On the other hand, Jensen’s inequality gives
f
(
p0x0 −
∑n
i=1 pixi +
∑n
i=1 qixi
p0 − Pn +Qn
)
≤
p0 − Pnf
(
p0x0−
∑n
i=1 pixi
p0−Pn
)
+Qnf
(
1
Qn
∑n
i=1 qixi
)
p0 − Pn +Qn
 (2.22)
Now, from (2.21) and (2.22), it follows that
p0f x0 −
n∑
i=1
pif xi +
n∑
i=1
qif xi
≤ p0 − Pnf
(
p0x0 −
∑n
i=1 pixi
p0 − Pn
)
+Qnf
(
1
Qn
n∑
i=1
qixi
)

which is equivalent to the second inequality in (2.20).
3. INEQUALITIES FOR FUNCTIONS WITH
NONDECREASING INCREMENTS
For a real-valued function f 
 I → , where I is an interval in k, i.e., a
product of intervals from , we say that it is a function with nondecreasing
increments if
f x+ z − f x ≤ f y + z − f y
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for all x y z such that x ≤ y, z ≥ 0, x y + z ∈ I. Here, the inequalities are
coordinate-wise; that is, if x = ξ1     ξk and y = η1     ηk, then
x ≤ y ⇐⇒ ξi ≤ ηi for all i = 1     k
The following two theorems are valid [3, p. 357].
Theorem 3.1. Let f 
 I →  be a continuous function with nondecreasing
increments and let pi, i = 1     n, be positive numbers. If X = X1X2    
Xn is a monotonic sequence with elements Xi ∈ I, i = 1     n, then
f
(
1
Pn
n∑
i=1
piXi
)
≤ 1
Pn
n∑
i=1
pif Xi (3.1)
where Pn =
∑n
i=1 pi.
Theorem 3.2. Let f be as in Theorem 3.1 and let p0 p1     pn be
positive numbers such that p0 > Pn =
∑n
i=1 pi. Assume that X0X1    
Xn ∈ I with X0 ≤ X1 ≤ · · · ≤ Xn or Xn ≤ · · · ≤ X1 ≤ X0 and p0X0 −∑n
i=1 piXi/p0 − Pn ∈ I. Then we have
p0f X0 −
∑n
i=1 pif Xi
p0 − Pn
≤ f
(
p0X0 −
∑n
i=1 piXi
p0 − Pn
)
 (3.2)
Now, we prove a reﬁnement of the above result.
Theorem 3.3. Let the assumptions of Theorem 3.2 be satisﬁed and let
0 ≤ qi ≤ pi i = 1 2     n and Qn =
∑n
i=1 > 0. Then we have
0 ≤
n∑
i=1
qif Xi −Qnf
(
1
Qn
n∑
i=1
qiXi
)
≤ p0 − Pnf
(
p0X0 −
∑n
i=1 piXi
p0 − Pn
)
−
[
p0f X0 −
n∑
i=1
pif Xi
]
 (3.3)
Proof. The ﬁrst inequality in (3.3) is obviously true by (3.1). So we only
need to prove the second inequality in (3.3). The argument is quite the
same as that for the second inequality in (2.20), provided (2.22) with Xi
instead of xi (i = 0 1     n) is valid. So we consider the pair
p0X0 −
∑n
i=1 piXi
p0 − Pn

1
Qn
n∑
i=1
qiXi (3.4)
of elements from I. If X0 ≤ X1 ≤ · · · ≤ Xn, then
n∑
i=1
qiXi ≥ QnX0 and p0X0 −
n∑
i=1
piXi ≤ p0 − PnX0
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which implies
1
Qn
n∑
i=1
qiXi ≥ X0 ≥
p0X0 −
∑n
i=1 piXi
p0 − Pn
 (3.5)
while in the case when X0 ≥ X1 ≥ · · · ≥ Xn we have the reversed
inequalities in (3.5). So, the pair (3.4) of elements from I is ordered, and
by (3.1) the inequality (2.22) with Xi instead of xi (i = 0 1     n) is valid.
This completes the proof.
Example 3.1 (Cˇhebysˇhev’s Inequality). Let xini=0 and yini=0 be two
sequences of real numbers which are monotonic in the same sense and
p0, pi ≥ qi ≥ 0 i = 1 2     n be such that p0 > Pn =
∑n
i=1 pi and
Qn =
∑n
i=1 qi > 0. Then we have
0 ≤
n∑
i=1
qixiyi −
1
Qn
n∑
i=1
qixi
n∑
i=1
qiyi
≤ 1
p0 − Pn
(
p0x0 −
n∑
i=1
pixi
)(
p0y0 −
n∑
i=1
piyi
)
−
(
p0x0y0 −
n∑
i=1
pixiyi
)

This is a simple application of Theorem 3.3 to a function with nondecreasing
increment f x y = xy deﬁned for all x y ∈ I = 2.
Example 3.2. The function
f x1     xk = xa11 · · ·xakk 
where 0 < ai ≤ 1 i = 1     k, is a function with nondecreasing increments
deﬁned on the interval I = 0∞k in k. Therefore, by applying Theorem
3.3 to this function we get the following result.
Let xjini=0, j = 1     k, be k sequences of nonnegative numbers which
are monotonic in the same sense and let p0, pi ≥ qi ≥ 0 i = 1 2     n
be weights such that p0 > Pn =
∑n
i=1 pi and Qn =
∑n
i=1 qi > 0. If
p0xj0 ≥
n∑
i=1
pixji for all j = 1     k
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then
0 ≤
n∑
i=1
qi
k∏
j=1
x
aj
ji −
1
Q
Ak−1
n
k∏
j=1
( n∑
i=1
qixji
)aj
≤ 1p0 − PnAk−1
k∏
j=1
(
p0xj0 −
n∑
i=1
pixji
)aj
−
(
p0
k∏
j=1
x
aj
j0 −
n∑
i=1
pi
k∏
j=1
x
aj
ji
)

where 0 < aj ≤ 1 j = 1     k and Ak =
∑k
j=1 aj .
Of course, for a1 = · · · = ak = 1, we have Cˇhebysˇhev-type inequalities
for several sequences.
Remark 3.1. The related results can also be given for p-convex functions
considered in [6].
4. GRAM’S INEQUALITY
The following result was given in [3, p. 603].
If X is a real Hilbert space, x1     xn and y1     yn are vectors from X,
and u v are real numbers such that
u2 − )x1     xn > 0 or v2 − )y1     yn > 0
then [
u2 − )x1     xn
][
v2 − )y1     yn
]
≤

uv − det

 x1 y1    x1 yn    
xn y1    xn yn




2

where )x1     xn is the Gram determinant of the vectors x1     xn.
Of course, with a small modiﬁcation we can give the following usual
version of this result.
Theorem 4.1. Assume that X is a real Hilbert space, x1     xn and
y1     yn are vectors from X, and u v p are real numbers with p ≥ 0. If
u2 − p)x1     xn > 0 or v2 − p)y1     yn > 0
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then [
u2 − p)x1     xn
][
v2 − p)y1     yn
]
≤

uv − p det

 x1 y1    x1 yn    
xn y1    xn yn




2
 (4.1)
Here we prove a reﬁnement of this result.
Theorem 4.2. Let X be a real Hilbert space, x1     xn and y1     yn
be vectors from X, and u v p q be real numbers such that 0 ≤ q ≤ p and
u2 − p)x1     xn > 0 and v2 − p)y1     yn > 0
Then we have the inequalities
0≤q

)x1xn1/2)y1yn1/2−det

x1y1  x1yn    
xny1  xnyn




≤uv−pdet

x1y1  x1yn    
xny1  xnyn


−[u2−p)x1xn]1/2[v2−p)y1yn]1/2 (4.2)
Proof. Since
u2 − p− q)x1     xn ≥ u2 − p)x1     xn > 0
and
v2 − p− q)y1     yn ≥ v2 − p)y1     yn > 0
we can replace p with p − q and apply Theorem 4.1. In this case (4.1)
becomes
u2 − p)x1     xn + q)x1     xn1/2
×v2 − p)y1     yn + q)y1     yn1/2
≤ uv − p det

 x1 y1    x1 yn    
xn y1    xn yn


+ q det

 x1 y1    x1 yn    
xn y1    xn yn

  (4.3)
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On the other hand, Cauchy’s inequality gives
u2 − p)x1     xn + q)x1     xn1/2
×v2 − p)y1     yn + q)y1     yn1/2
≥ u2 − p)x1     xn1/2v2 − p)y1     yn1/2
+ q)x1     xn1/2)y1     yn1/2 (4.4)
Thus, from (4.3) and (4.4) we get
uv − p det

 x1 y1    x1 yn    
xn y1    xn yn

+ q det

 x1 y1    x1 yn    
xn y1    xn yn


≥ [u2 − p)x1     xn]1/2[v2 − p)y1     yn]1/2
+ q)x1     xn1/2)y1     yn1/2
which gives (4.2).
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